Abstract. We describe the results of the computation of aliquot sequences with small starting values. In particular all sequences with starting values less than a million have been computed until either termination occurred (at 1 or a cycle), or an entry of 100 decimal digits was encountered. All dependencies were recorded, and numerous statistics, curiosities, and records are reported.
Introduction
Aliquot sequences arise from iterating the sum-of-proper-divisors function
assigning to an integer n > 1 the sum of its aliquot divisors (that is, excluding n itself). Iteration is denoted exponentially, so s k is shorthand for applying k ≥ 1 times the function s. We say that an aliquot sequence terminates (at 1) if s k (n) = 1 for some k; this happens when and only when s k−1 (n) is prime. It is possible that s k+c (n) = s k (n), for some c > 0 and all k ≥ k 0 , that is, to hit an aliquot cycle of length c, where we take c > 0 and k 0 minimal. Case c = 1 occurs when n is a perfect number (like 6), and c = 2 when n = m form a pair of amicable numbers: s(n) = m and s(m) = n. See Section 6 for more cycles.
The main open problem regarding aliquot sequences is the conjecture attributed to Catalan [2] and Dickson [4] . Conjecture 1.1. All aliquot sequences remain bounded.
If true, it would imply that for every n after finitely many steps we either hit a prime number (and then terminate at 1) or we find an aliquot cycle. Elsewhere we comment upon some of the heuristics to support or refute this conjecture [1] .
We will call an aliquot sequence open if it is not known to remain bounded. This notion depends on our state of knowledge. The point of view adopted in this paper is that we compute an aliquot sequence until either we find that it terminates or cycles, or we find that it reaches some given size. In particular, I pursued every sequence starting with at most 6 decimal digits to 100 decimal digits (if it did not terminate or cycle before).
The idea of computing aliquot sequences for small starting values n 0 is the obvious way to get a feeling for their behaviour, and hence has been attempted very often. The main problem with this approach is that for some n 0 the values of s k (n 0 ) grow rapidly with k; this causes difficulties because all known practical ways to compute s(n) use the prime factorization of n in an essential way. Clearly, s(n) = σ(n) − n, where σ denotes the sum-of-all-divisors function, which has the advantage over s of being multiplicative, so it can be computed using the prime factorization of n:
where p k n indicates that p k divides n but p k+1 does not. Thus it is no coincidence that similar computations have been performed over the past 25 years after new factorization algorithms were developed, and better hardware became much more widely available. There have been several initiatives following pioneering work of Wolfgang Creyaufmüller [3] , and for ongoing progress one should consult webpages like [9] with contributions by many individuals.
Despite the extended experience and knowledge gained from computations such as reported here, it still seems unlikely that Conjecture (1.1) will be proved or disproved soon; certainly mere computation will not achieve this. Yet, valuable insight might be obtained.
The current paper grew out of my intermittent attempts over 25 years to independently perform all necessary computations (at least twice), and, causing more headaches, to make sure that all confluences were faithfully recorded. My main findings are summarized in the table and charts given below.   digits  terminating  cycle  open  10  735421  16204  248374  20  783786  17274  198939  30  797427  17761  184811  40  800703  17834  181462  50  803317  17913  178769  60  804830  17940  177229  70  805458  17985  176556  80  807843  18036  174120  90  809362  18039  172598  100  811555  18103  170341   The table above summarizes what happens if, for starting values up to 10 6 , we pursue the aliquot sequences up to a size of d decimal digits, with d growing from 10 to 100. As more cycles and terminating sequences are found, the number of open sequences declines. In Section 5 a more detailed table is given for even starting values only.
We try to visualize the rate at which this process takes place in the pictures below: they plot the number of starting values (below 10 6 ) that terminate or cycle before the given number of digits (on the horizontal axis) is reached. Note that in both charts the absolute numbers are plotted vertically, but the scale differs markedly. The next pair of pictures displays the effect of bounding the starting values. In the chart on the left, the bottom graph shows that almost no starting values less than 10 3 reach a size of 20 decimal digits, but for starting values up to 10 4 around 8% do, a percentage that grows to more than 13% for starting values up to 10 5 and 20% up to 10 6 . The corresponding (growing) percentages for terminating sequences are displayed on the right. The corresponding percentages will almost, but not exactly, add up to 100%, as a small percentage (less than 2%) leads to aliquot cycles. There is no reason to believe (nor model to support) linear decay in the long run, but the line does reflect the downward tendency on the interval between 25 and 100 digits.
Sometimes we find it useful identify aliquot sequences with the same tails; we say that they merge at some point. We call a sequence a main sequence if it has not merged with a sequence with a smaller starting value (yet). The final plot in this section shows data for the number of different small aliquot sequences in this sense: the number of aliquot sequences starting below 10 6 that exceed N digits for the first time at different values. At N = 100 digits there remain 9327 such main sequences. Number of remaining main sequences at given number of digits
Preliminaries
In this section we have collected some known results (with pointers to the existing literature) as well as some terminology (some standard, some ad hoc). Arguments about random integers are not automatically applicable to heuristics for aliquot sequences due to the fact that certain factors tend to persist in consecutive values. The most obvious example of this phenomenon is parity preservation: s(n) is odd for odd n unless n is an odd square, s(n) is even for even n unless n is an even square or twice an even square. Guy and Selfridge introduced the notion of driver [7] . A driver of an even integer n is a divisor 2 k m satisfying three properties: 2 k n; the odd divisor m is also a divisor of σ(2 k ) = 2 k+1 − 1; and, conversely, 2 k−1 divides σ(m). As soon as n has an additional odd factor (coprime to v) besides the driver, the same driver will also divide s(n). The even perfect numbers are drivers, and so are only five other integers (2, 24, 120, 672, 523776) . Not only do they tend to persist, but with the exception of 2, they also drive the sequence upward, as s(n)/n is 1 for the perfect numbers, and More generally, it is possible to prove that arbitrarily long increasing aliquot sequences exist, a result attributed to H. W. Lenstra (see [6] , [8] , [5] ).
Another heuristic reason to question the truth of the Catalan-Dickson conjecture was recently refuted in [1] . We showed that, in the long run, the growth factor in an aliquot sequence with even starting value will be less than 1. Besides giving a probabilistic argument (which does not say anything about counterexamples of 'measure 0'), this is not as persuasive as it may seem, since it assumes that entries of aliquot sequences behave randomly, which is not true, as we argued above.
Not only does parity tend to persist in aliquot sequences, the typical behavior of the two parity classes of aliquot sequences is very different. There is much stronger tendency for odd n to have s(n) < n. In all odd begin segments, only four cases were encountered during our computations where four consecutive odd values were increasing: On the other hand, seeing the factorizations of examples, as in the first quadruple We say that sequence s merges with sequence t (at value x) if s and t have x as first common value, t has a smaller starting value than s, and the common value occurs before s reaches its maximum. In this case t will be the main sequence (unless it merges with a 'smaller' sequence again). From x on, s and t will coincide of course.
We should point out again that the notion of being a main sequence is time dependent: sequences may merge beyond the point to which we have as yet computed them.
Since all of our sequences are finite (except, possibly, for a repeating cycle at the end), we can speak of the height of a sequence: this is essentially the logarithm of its maximal value; sometimes we measure this in number of decimal digits, sometimes in number of bits. The volume will be the sum of the number of digits of the entries of the sequence, without rounding first: so vol(s) = x∈s log 10 x.
Odd cases
We first consider the 500000 odd starting values, as they usually lead to termination quickly. In fact, 494088 odd starting values terminated; 5119 sequences with odd starting values lead to a cycle (see next section) and 793 remain open, after merging with a sequence with an even starting value.
As we saw above, parity is not always maintained. Therefore we need to distinguish in our 500000 odd starting values between aliquot sequences consisting only of odd integers, and those containing even values as well.
For 440239 odd starting values, an all-odd sequence ensues; the remaining 59761 change over to even, after hitting an odd square. Of the 59761 odd starting values that change over, 12674 do so after hitting 3 2 . Only the odd squares less than a million did occur.
Of the all-odd sequences, 208 end in an odd cycle.
Of the 59761 odd-to-even starting values, 5119 lead to a cycle and 793 merge with an even sequence reaching 100 digits. Of the 54057 terminating odd-to-even starting values, 17 take more than 1000 steps before terminating: 11 of them merge after a couple of steps with the 94-digit maximum length 1602 sequence 16302, and 6 of them merge after a couple of steps with the 76-digit-maximum length 1740 sequence 31962.
Here are the numbers in summary: 
2,000
Lengths, heights (in bits), and volumes of odd-to-even terminating sequences.
There is one sequence in this category that is simultaneously longest, most voluminous; it is the sequence The result looks much nicer if we only count main (non-merging) terminators (right).
In fact, the thin tail of this distribution extends all the way to 6585, with 476 starting values here having length at least 1000 and three of the 136318 even starting values have a terminating sequence extending to over 5000 terms: The three most voluminous are in fact also the longest three we saw before! There is only one more of volume exceeding 200000:
• In all, 78572 different primes appear, among them, of course, the 78498 primes below 10 6 (of which 56513 only appear with the prime as starting value).
Of the 74 primes larger than 10 6 , the largest is 4737865361 (appearing only for 891210), and the second largest is 870451093, which appears 216 times, for three different main sequences: 54880 (with 203 mergers), 397416 (with 9 mergers), 780456 (with 1 merger).
Only one prime less than 10000 appears just once as a penultimate value, namely 9173 for the sequence 11 · 9161, 9173, 1. A similar phenomenon occurs for two larger solitary penultimate primes in our range: 83 · 9923, 10007, 1 and 47 · 12743, 12791, 1.
Open
The following table breaks up the range of starting values into ten sub-intervals from k · 10 5 to (k + 1) · 10 5 − 1, for k = 0, 1, . . . , 9, and for those the number of even starting values reaching d decimal digits is given. Note that (as 0 is not included as starting value) the first column concerns 49999 starting values, and the other columns 50000. The final column is the sum of the first 10 columns, and counts how many of the 499999 even starting values less than 10 6 reach d decimal digits (that is, a value of at least 10 99 ). The sequences for 144984 (length 6527) and 556276 (of length 6510) are record-length non-merging open sequences, followed by 842592 of length 6455, which has no mergers at all.
The 638352 and 910420 mergers are the most voluminous ones (with a volume of just over 365000).
The fastest growing open sequence is 993834, reaching 100 digits after only 245 steps; it has no mergers. The sequence starting with 267240 takes 248 steps to reach 100 digits, but two of its mergers (588120 and 693960) take one step fewer. With the 235320 sequence (after 249 steps) and its merger 503400 (248 steps) these are the only examples hitting the 100 digit ceiling in fewer than 250 steps. The tables below list all cycles that occur, with their popularity. The second column lists the number of starting values ending in the cycle listed in the first column, with (in parentheses) the number of main sequences among these. The third column lists the number of even starting values among those of the second column. In the fourth column is shown how often each of the entries of the cycle is first hit by some sequence. Thus, for example, the entry 2 / 9 in the row for the amicable pair [220, 284] reflects that besides the starting values 220 and 284 only 9 other sequences up to 10 6 lead to this cycle (8 of them with odd starting value according to column 3) and only one of those will hit 220 first. 
